ABSTRACT: Rausch's classical formula overestimates the torsional strength of reinforced concrete members to an unacceptable degree. The error is traced to the incorrect determination of the centerline of the circulating shear flow. The position of the centerline of shear flow is directly related to the thickness of the shear flow zone (t d ). The determination of t d in torsion is analogous to the determination of the depth of the compression zone in bending. This paper presents a simple theoretical method to calculate t d based on the softened truss model theory. The method utilizes the equilibrium and compatibility conditions, as well as a softened stressstrain relationship for concrete struts. Since t d is calculated by a rigorous procedure, an accurate torsional strength can be predicted. The prediction of the torsional strengths of 61 beams found in the literature compares extremely well with the test values. In addition, a very simple formula for t d is also proposed for the practical design of members subjected to torsion.
INTRODUCTION
The basic formula for calculating the torsional strength of reinforced concrete members was developed by Rausch (1929) using the space truss concept. Unfortunately, Rausch's equation may be unconservative by more than 30% for under-reinforced beams (Hsu 1968a (Hsu , 1968b . The error is traced to the incorrect determination of the centerline of the circulating shear flow, resulting in the overestimation of the lever arm area A 0 . The correct determination of the centerline of shear flow depends on a logical way to find the thickness of the shear flow zone, t d .
Since the late 1960s, the truss model theory for shear and torsion has undergone four major developments. First, the introduction of the variableangle truss model and the discovery of the bending phenomenon in the diagonal concrete struts were made by Thurlimann (1968, 1969) . Second, compatibility equation was derived by Collins (1973) to determine the angle of the diagonal concrete struts. Third, the softening phenomenon in the concrete struts was discovered by Robinson and Demorieux (1972) , and this behavior was quantified by Vecchio and Collins (1981) , using a softening coefficient. Fourth, combining the equilibrium, compatibility and softened stress-strain relationships, a softened truss model theory was developed (Hsu 1988) , which was able to analyze the shear and torsional behavior of reinforced concrete members throughout the post-cracking loading history.
Using the softened truss model theory, the thickness of the shear flow zone t d can expeditiously be calculated for the torsional strength of reinforced concrete members. This method is presented in this study. In addition, a simple expression for t d is proposed for practical design.
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ANALOGY BETWEEN TORSION AND BENDING
A prismatic member of arbitrary cross section subjected to torsion is shown in Fig. 1(a) . The circulating shear stresses are restricted to an outer ring area with a thickness of t d . Within this thickness a shear flow q acts along a certain centerline, s. Taking equilibrium about the center of twist O, the external torque T is resisted by the internal moment:
where a = the lever arm of shear flow q measured from the center of twist, O. The product ads is represented graphically by twice the shaded triangular area shown. Therefore, §ads is twice the area within the centerline of shear flow, and will be denoted as 2A 0 . A 0 will be called the lever arm area and is proportional to the square of the level arm a. Substituting 2A 0 into Eq. 1 gives
Eq. 2 is Bredt's thin-tube theory (1896), but it should also be applicable to a thick tube, if the position of the centerline of shear flow can be determined. In a reinforced concrete member, after cracking, as shown in Fig. 2 (a), an element isolated from the tube defined by the shear flow zone with a thickness t d , Fig. 2 (c), can be represented by a truss model in Fig. 2 
(d).
The element has a vertical length as well as a horizontal length of unity. The diagonal lines representing the cracks are inclined at an angle a. Inserting q from Eq. 3 into Eq. 2:
Eq. 4 is the fundamental equation for torsion in the variable-angle truss model. It reduces to the well-known Rausch's equation (1929) when a is taken as 45°. When equilibrium of forces is taken on the vertical face of the truss model element in Fig. 2(d) , q and T n can be expressed in terms of the longitudinal steel, i.e., q = (A,f, y /p 0 ) tan a and
The analysis of torsion shown is analogous to the analysis of bending in a prismatic members shown in Fig. 1(b) . Taking the moment about the centroid of the tension steel, the external moment, M, is resisted by the internal moment
where C = the resultant of stresses o-in the compression zone and jd = the lever arm of the resultant. Comparing Eq. 5 to Eq. 2, the term of twice the lever arm area 2A 0 in Eq. 2 is equivalent to the resultant lever arm jd in Eq. 5, and the shear flow q is similar to the resultant of compressive stresses C. After cracking of the flexural member, the truss model concept in bending is reduced to the so-called internal couple concept. Assuming the yielding of steel gives
Substituting C from Eq. 6 into Eq. 5:
Eq. 7 shows that the bending moment capacity, M", is equal to the longitudinal steel force, A s f sy , times the resultant lever arm, jd. Similarly, in Eq. 4 the torsional moment capacity, T", is equal to a certain stirrup force per unit length, (A,f v /s) cot a, times twice the lever arm area, 2A 0 .
In bending, an increase of the nominal bending strength M" due to increasing reinforcement results in an increase of the depth of the compression zone c, and a reduction of the resultant lever arm jd. The relationships among M", c and jd can be derived from the stress and strain diagrams. Similarly, in torsion, an increase of the nominal torsional strength T" due to increasing reinforcement results in an increase of the thickness of shear flow zone t d and a reduction of the lever arm area A 0 . The relationships among T," t d and A 0 can also be derived from the stress and strain diagrams. The understanding of these relationships is a purpose of this study. The crucial problem in torsion of reinforced concrete is to find the thickness of the shear flow zone t d , which is analogous to finding the depth of the compression zone c in bending.
VARIOUS DEFINITIONS OF LEVER ARM AREA A0
When Rausch derived Eq. 4 (with a = 45°) in 1929, a reinforced concrete member after cracking was idealized as a space truss. The longitudinal and hoop bars are assumed to take tension and the diagonal concrete struts are in compression. Each diagonal concrete strut is idealized as a straight line lying in the center surface of the hoop bars. Hence, the lever arm area, A 0 , is defined by the area within the center surface of the hoop bars. This area is commonly denoted as A t . It has been adopted since 1958 by the German Code, and others. Using the bending analogy, this definition is equivalent to assuming that the resultant lever arm, jd, is defined as the distance between the centroid of the tension bars and the centerline of the stirrups in the compression zone. In terms of torsional strength this assumption is acceptable near the lower limit of the total steel percentage of about 1%, but becomes increasingly unconservative with an increasing amount of steel (Fig.  3) . For a large steel percentage of 2.5-3% near the upper limit of under reinforcement (both the longitudinal steel and stirrups reach yielding), the over prediction of torsional strength by Rausch's equation using A x exceeds 30%. This large error is caused by two conditions. First, the thickness of the shear flow zone t d may be very large, in the order of 1/4 of the outer cross-sectional dimension, due to the softening of concrete (to be explained in the next section). Second, in contrast to the bending strength M", which is linearly proportional to the resultant lever arm jd, the torsional strength T" is proportional to the lever arm area A 0 , which, in turn, is proportional to the square of the lever arm, a, [ Fig. 1(a) ].
In order to reduce the unconservatism of using A, in Rausch's equation, Lampert and Thurlimann (1969) have proposed that A 0 be defined as the area within the polygon connecting the centers of the corner longitudinal bars. This area is commonly denoted as A 2 and has been adopted by the CEB-FIP Code ("Model Code" 1978) . In terms of the bending analogy, this definition is equivalent to assuming that the resultant lever arm, jd, is defined as the distance between the centroid of the tension bars and the centroid of the longitudinal compression bars. The introduction of A 2 has reduced the unconservatism of Rausch's equation for high steel percentages. However, the assumption of a constant lever arm area (not a function of the thickness of shear flow zone) remains unsatisfactory. Another way of modifying Rausch's equation has been suggested by the writer (Hsu 1968a (Hsu , 1968b ) and adopted by the ACI Building Code ("Building Code" 1971).
where a, = 0.66 + 0.33 yi/jci =s 1.5; x x = shorter center-to-center dimension of a rectangular closed stirrup; yi = longer center-to-center dimension of a rectangular closed stirrup; T c = nominal torsional strength contributed by concrete = 0.%x 2 y\/f 7 c where x and y = the shorter and longer sides, respectively, of a rectangular section.
Two modifications of Rausch's equation are made in Eq. 8 based on tests. First, a smaller lever arm area (a,/2)Ai is specified, where a, varies from 1 to 1.5. Second, a new term T c is added. This term represents the vertical intercept of a straight line in the T" (Fig. 3) . Although the addition of T c allows the test curve to be closely approximated by a straight line in the under-reinforced region, the complexity that is generated by T c is certainly undesirable.
The definitions of the lever arm areas, A u A 2 or (a,/2)A 1( all have a common weakness. They are not related to the thickness of the shear flow zone or the applied torque. A logical way to define A 0 must start with the determination of the thickness of shear flow zone.
ANALYSIS OF THICKNESS OF SHEAR FLOW ZONE, t d
The determination of t d requires three equations, derived from compatibility, equilibrium, and material law. The derivations are shown. 
Compatibility Equations
When a hollow reinforced concrete member is subjected to torsion as shown in Fig. 2 , each cross section will rotate, producing an angle of twist, 9, in the member and a shear strain 7,, in the shear flow tube. According to Bredt's theory for circulatory torsion (see Chapter 1 in Hsu 1984) 6 and 7,, are related by the compatibility condition:
where p 0 = the perimeter of the centerline of shear flow.
After diagonal cracking and the formation of the truss action, the shear strain 7,, in the shear flow tube will cause tensile strains in the longitudinal and transverse reinforcement e, and e, in the l-t direction and the principal compressive strains e. d and e r in the d-r direction. The angle between the / axis and the d axis is denoted as a, Fig. 2(b) . The shear strain 7,, can be expressed in terms of t d , e r , and a (Hsu 1988) as follows:
In addition to the strain e d in the ^-direction, a diagonal concrete strut will also be subjected to a bending action resulting from the angle of twist 6, (Fig. 4) . The plane OABC lying in the shear flow tube through the centerline of the shear flow is isolated in Fig. 4(b) . After twisting, this plane becomes a hyperbolic paraboloid surface OADC. The diagonal line OB, which represents a concrete strut with an angle of inclination a, becomes a curve OD. 
FIG. 5. Strain and Stress Distribution in Concrete Struts
angle of twist, 9, (Lampert and Thurlimann 1968; Hsu 1984) by:
It should be noted that Eq. 11 is applicable not only to a rectangular section, but also to arbitrary bulky sections. In Fig. 4 a rectangular section is selected to demonstrate the bending curvature in a diagonal concrete strut due to twisting. This is because the imposed curvature is easier visualized in a plane than in a curved surface. Due to the bending of the diagonal concrete struts the tension area in the inner portion of the cross section will be neglected, Figs. 4 and 5. The compression area will be considered as effective. The depth of the compression zone is denoted t d , which is identical to the thickness of the shear flow zone. Within the thickness t d , the strain distribution is assumed to be linear. Therefore, t d can be related to the maximum strain at the surface € ds and the curvature \\i by fc = Y
Moreover, because of the linear strain distribution, the maximum strain at the surface e ds should be related to the average strain e d by e* = 2e d
The thickness of the shear flow zone t d in Eq. 12 can be expressed in terms of e rf , e r , and a by a series of substitution: (1) Substitute 7 ; , from Eq. 10 into Eq. 9; (2) substitute 0 from Eq. 9 into Eq. 11; (3) substitute i| < from Eq. 11 into Eq. 12; and (4) substitute e* from Eq. 13 into Eq. 12. The resulting expression is: This assumption provides two advantages: First, it simplifies the expressions of A 0 and p 0 . Second, it is slightly on the conservative side and is desirable to compensate for the slight unconservatism inherent in using the term AJ^/s in Eq. 4 to express the stirrup force per unit length. The effect of the stirrup spacing, s, on the shear strength has been carefully explained in Section 4.4.3.1 of Hsu (1984) . It should also be pointed out that A 0 and p 0 in Eqs. 15 and 16 are applicable to a thick tube even when £ is taken as unity.
Material Law
Being subjected to axial stress and bending, the distribution of the compressive stresses in a diagonal concrete strut within the thickness t d is shown by the solid curve in Fig. 5 . This stress-strain relationship is based on a softened stress-strain curve, Fig. 6 , proposed by Vecchio and Collins (1981) . Their concrete test panels were reinforced in both the longitudinal and transverse directions and were subjected to pure shear at the edges. Their tests clearly show that after diagonal cracking the stress and the strain in the concrete struts, <j d and e d , are softened by the tensile strain in the perpendicular direction, e r . The softened coefficient t, is a function of the ratio € r /e d :
I-J-*-
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The softening coefficient £, which is less than unity, is the reciprocal of the coefficient X given by Vecchio and Collins (1981) . In their paper, e d in the denominator is multiplied by a constant (1 -u,), where u, is Poisson's ratio for concrete. The omission of JJL produces negligible difference (Hsu 1984) . Note also that € d is negative and e r = e, + e, -e rf is positive. Based on the softened stress-strain relationship in Fig. 6 , the peak stress is £/c and the average compressive stress, a d , can be defined as a" = hif 'c (18) where k x = the ratio of the average stress to peak stress in the stress block. The kj-ratio can be obtained by integrating the stress-strain curve in Fig. 6 and has been tabulated in Table 7 .4 of Hsu (1984) as a function of the maximum strain e rfs and the softening coefficient £. For under-reinforced members, the maximum torque occurs when the maximum concrete strain e & varies from 0.0015 to 0.0030, and £ varies from 0.35 to 0.50. Within those ranges, the table shows that k x varies in a narrow range from 0.85 to 0.77. Taking an average value of k { = 0.80, and treating/^ as positive, then a d becomes
Substituting the softening coefficient £ from Eq. 17 into Eq. 14, t d can be expressed in terms of £ and a:
It is interesting to note that t d in Eq. 20 is no longer a function of the strains e d or e r . Physically, this means that t d is independent of the loading history.
The substitution of the softening coefficient t, from Eq. 17 into Eq. 14 involves an assumption. Since Eq. 17 is obtained from tests of reinforced concrete panels subjected to pure shear alone, the strains e d and e r in this equation represent the uniform in-plane strains of an element without bending. By contrast, Eq. 14 is derived from an element in a concrete strut subjected to in-plane strains as well as bending, so that e d and e r represent the average strains in the mid depth of the thickness t d . Therefore, Eq. 20 is obtained by assuming that the softening of a concrete strut subjected to compression and bending is identical to the softening of a concrete strut subjected to the average compression strain without bending. This assumption has yet to be proven by tests, but it should provide a very good approximation.
The thickness of shear flow zone, t d , can be solved by Eq. 20 in conjunction with two equilibrium equations.
Equilibrium Equations
From the truss model of a reinforced concrete element shown in Fig. 2(d) it can be demonstrated that the stresses in the concrete satisfy Mohr's stress circle (Hsu 1984) . Assuming that the steel will yield at failure (for underreinforced members) and the concrete cannot resist tension in the direction perpendicular to the cracks, i.e., <r r = 0, then the superposition of the concrete stresses and steel stresses gives the following three equilibrium equations:
<r, = a d sin 2 a + p,f"
T ; , = u d sin a cos a
where a,, a, = normal stress in the I and t directions, respectively (positive for tension); T U = shear stresses in the l-t coordinate (negative, as shown in Fig. 2) Once a solution is obtained, the ultimate shear stress T ; , can be calculated from Eqs. 23 and 19, the torsional strength T" can be obtained from Eq. 4. An example problem showing the solution procedures is given in Appendix I.
Comparison with Tests
This method of calculating the thickness of shear flow zone and the torsional strength has been applied to analyze the 61 test beams available in literature (McMullen and Warwaruk 1967; Hsu 1968a; Thurlimann 1968, 1969; Bradburn 1968; Leonhardt and Schelling 1974; Mitchell and Collins 1974; McMullen and Rangan 1978) . The calculated t diCalc and T" lCi ic are recorded in Table 1 . The r", ca i c values are also compared to the test values T nKst . The average T" test /T" cilc is 1.010 and the standard deviation is 0.051. ' ' The 61 beams available in literature satisfy the following four criteria Mo 1985a, 1985b) : (1) The member should have sufficient reinforce- ment so that the beam will not fail brittlely at cracking, i.e. T" > T". T" for a hollow beam can be taken as 2A c t(2.5\(fl), where t is the actual wall thickness. For solid beams, t can be taken as A c /p c ; (2) the member should be under-reinforced so that both the longitudinal bars and the stirrups will yield at failure. To achieve this purpose, a should be greater than 12° + 33°[T"//^(0.27 -45e, v )] but less than 78° -33°[T"//;(0.27 -45e")]; (3) stirrup spacing should not be excessive to cause significant drop of torsional strength, i.e., s should be less than p,/8 or 12 in. (30 cm); (4) concrete cover should not be too thick to cause spalling before the maximum torque is reached. In other words, the distance c measured from the concrete surface to the inner face of the transverse hoop bars should be less than 0.75t d .
The theory presented here has been rigorously derived. The only major inaccuracy introduced is the approximation of k t = 0.80. This approximation should be quite good after the maximum fiber strain e rfj reaches well into the descending branch of the softened stress-strain curve, i.e. e ds > 1.5£e 0 where e 0 is taken as 0.002. Therefore, the theory is very suitable for finding the torsional strength. At the low load stages when e rfl < £e 0 , however, k { = 0.80 would not be sufficiently accurate, and a more general method of solution (Hsu 1988) should be used.
THICKNESS OF SHEAR FLOW ZONE FOR DESIGN
The thickness of the shear flow zone given in Eq. 20 is suitable for the analysis of torsional strength. It is, however, not convenient for the design of torsional members. In design, the thickness of shear flow zone t d should be expressed in terms of the torsional strength, T". This approach will now be introduced.
The stress in the diagonal concrete struts, a d , can be related to the thickness t d and the shear flow q using the equilibrium Eq. 23: 
When t d /t M is plotted against T"/T"_ max in Fig. 7 , Eq. 30 represents a parabolic curve. Solving t d from Eq. 30 gives:
This approach of determining the thickness of the shear flow zone, first proposed by Collins and Mitchell (1980) and later adopted by the Canadian Code ("Design" 1984), gives:
In Eq. 32 A c andp c are replaced by Aj andp lt respectively, since the concrete cover is considered ineffective. o-imax is assumed to be 0.7<$> c f' c , in which the material reduction factor § c can be taken as 0.6. Eqs. 32 and 31 clearly show that the thickness ratio, t d /t d0 , is primarily a function of the shear stress ratio, T"/f' c . The thickness ratio t d /t d0 is also a function of the crack angle a, but is not sensitive when a varies in the vicinity of 45°.
Eq. 31, T" < T" ?max represents the case of under-reinforcement, while T" > T",max means over-reinforcement. The case of over-reinforcement cannot be expressed by Eq. 31, because it gives a complex number (V-T). 7 shows that Eq. 31 is applicable when T" is less than about 0.9 T", max . However, when T" exceeds 0.9 T" max , t d is increasing unreasonably fast. This problem reflects the difficulty in using the thin-tube approximation for A 0 (Eq. 28) to find t d . When t d exceeds about 0.7 t d0 , the tube becomes so thick that the term ty d cannot be neglected.
To avoid this weakness, the writer has adopted a different approach. Using the softened truss model theory, a computer program was written to analyze the torsional behavior of reinforced concrete members throughout the loading history (Hsu and Mo 1985a) . This computer program was used to analyze the 61 eligible torsional members (satisfying the four criteria previously cited) available in literature. The thicknesses of the shear flow zones in the test beams are calculated from the computer program and a linear regression analysis of the thickness ratios t d /t d0 is made as a function of T n /f' c . This analysis provides the following expression (Hsu and Mo 1985b) :
Eq. 33 is plotted in Fig. 8 for the cases of a = 45° and a = tan~'(5/3) or tan~'(3/5), which are the limits adopted by CEB-FIP Code ("Model Code" 1978) . The 61 test points are also included and the correlation is shown to be excellent. The t d /t d0 values calculated from Eq. 33 for the writer series B are recorded in Table 2 . When compared to the t d /t d0 values obtained from the computer program, the correlation is again excellent. The 10 beams in Series B were chosen because they have total reinforcement ratios varying from a low of 1.07% to a high of 5.28%, and a volume ratio of longitudinal steel to stirrups varying from 0.205 to 4.97. The wide range of application of Eq. 33 is evident. It is not only applicable to under-reinforced members, but also to over-reinforced members.
Although Eq. 33 is found to be excellent, it is considered somewhat un- Note: p; and p, are the reinforced ratios of longitudinal steel and transverse hoop steel, respectively, based on total crosssectional area Ac. Cross section 10 in. x 15 in. fy ~ 47,000 psi; f'c = 4,000 psi; 1 in. = 25.4 mm; 1 psi = 6.89 kPa. Fig. 8 . Comparison with Eq. 33 shows the difference to be small. Actually, Eq. 36 can be considered a simplification of Eq. 33 by neglecting the small first term with constant 0.082 and increasing the constant in the second term from 3.405 to 4. The small effect of a is also neglected by taking sin 2a = 1, which is the exact value when a = 45°. The t d /t d0 ratios calculated from Eq. 36 for the writer's B series are also recorded in Table 2 . A comparison with the computer values also shows the correlation to be reasonable.
Inserting Eq. 36 into the thin-tube expression of A 0 in Eq. 28 gives: 
